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ARITHMETIC LINEAR SERIES WITH BASE CONDITIONS
ATSUSHI MORIWAKI
Abstract. In this note, we study the volume of arithmetic linear series with base
conditions. As an application, we consider the problemof Zariski decompositions
on arithmetic varieties.
Introduction
LetXbe aprojective andflat integral schemeoverZ. Weassume thatX is normal
and thegenericfiberofX → Spec(Z) is a d-dimensional smoothvarietyoverQ. Let
Div(X) be the groupofCartier divisors onX and letDiv(X)R := Div(X)⊗ZR. Apair
D = (D, g) is called an arithmetic R-Cartier divisor of C0-type if D ∈ Div(X)R (i.e.
D =
∑r
i=1 aiDi for someD1, . . . ,Dr ∈ Div(X) and a1, . . . , ar ∈ R), g : X(C)→ R∪{±∞}
is a locally integrable function invariant under the complex conjugation map
F∞ : X(C) → X(C) and, for any point x ∈ X(C), there are an open neighborhood
Ux of x and a continuous function ux over Ux such that
g = ux +
r∑
i=1
(−ai) log | fi|
2 (a.e.)
on Ux, where fi is a local equation of Di on Ux for each i. We denote the vector
space consisting of arithmetic R-Cartier divisors of C0-type by D̂ivC0(X)R.
Let Rat(X)×
R
:= Rat(X)× ⊗Z R and let
(̂ )R : Rat(X)
×
R → D̂ivC0(X)R
be the natural extension of the homomorphism Rat(X)× → D̂ivC0(X)R given by
φ 7→ (̂φ). Let D be an arithmetic R-Cartier divisor of C0-type on X. We define
Hˆ0(X,D) and Hˆ0
R
(X,D) to beHˆ
0(X,D) :=
{
φ ∈ Rat(X)× | D + (̂φ) ≥ (0, 0)
}
∪ {0},
Hˆ0
R
(X,D) :=
{
φ ∈ Rat(X)×
R
| D + (̂φ)
R
≥ (0, 0)
}
∪ {0}.
For ξ ∈ X, the R-asymptotic multiplicity of D at ξ is given by
µR,ξ(D) :=
inf
{
multξ(D + (φ)R) | φ ∈ Hˆ
0
R
(X,D) \ {0}
}
if Hˆ0
R
(X,D) , {0},
∞ otherwise,
where multξ is the multiplicity of the local ring given by a local equation (for
details, see [2, Section 2.8] or [7, SubSection 6.5]). Moreover, for ξ1, . . . , ξl ∈ X
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and µ1, . . . , µl ∈ R≥0, we define the arithmetic linear series of D with base conditions
µ1ξ1, . . . , µlξl to be
Hˆ0(X,D;µ1ξ1, . . . , µlξl) :=
{
φ ∈ Hˆ0(X,D) \ {0} | multξi(D + (φ)) ≥ µi (∀i)
}
∪ {0}.
In addition, its volume is given by
v̂ol(D;µ1ξ1, . . . , µlξl) := lim sup
n→∞
log #Hˆ0(X, nD; nµ1ξ1, . . . , nµlξl)
nd+1/(d + 1)!
.
The main result of this paper is the following theorem:
Theorem 0.1. If ξ1, . . . , ξl ∈ XQ, D is big and µi > µR,ξi(D) for some i, then
v̂ol(D;µ1ξ1, . . . , µlξl) < v̂ol(D).
Let us introduce a Zariski decomposition on X. A decomposition D = P +N is
called a Zariski decomposition of D if the following conditions are satisfied (for
the positivity of arithmetic R-Cartier divisors of C0-type, see Conventions and
terminology 3):
(1) P is a nef arithmetic R-Cartier divisor of C0-type.
(2) N is an effective arithmetic R-Cartier divisor of C0-type.
(3) v̂ol(P) = v̂ol(D).
It is easy to see that the existence of a Zariski decomposition of D implies the
pseudo-effectivity ofD (cf. SubSection 4.1). LetΥ(D) be the set of all nef arithmetic
R-Cartier divisors M of C0-type with M ≤ D. Note that Υ(D) is not empty if and
only if there is adecompositionD = P+Nwith the conditions (1) and (2). For anon-
big pseudo-effective arithmeticR-Cartier divisorD ofC0-type, the non-emptyness
of Υ(D) is a non-trivial problem. It is closely related to the fundamental question
raised in the paper [9]. Further, in the case where d = 1 and X is regular, once we
can see Υ(D) , ∅, the greatest element of Υ(D) is ensured by the main theorem of
the paper [7, Theorem 9.2.1], and it turns out to be the actual positive part of D
(cf. Remark 4.1.2). In this sense, the above definition has a meaning even for a
non-big pseudo-effective arithmetic R-Cartier divisor. Of course, in this case, the
uniqueness of the decomposition is not guaranteed.
We would like to apply the above theorem to the problem of Zariski decompo-
sitions on arithmetic varieties (cf. Conventions and terminology 1). The first one
is an estimation of the asymptotic multiplicity.
Theorem 0.2. We assume that D is big. If D = P + N is a Zariski decomposition of D,
then µR,ξ(D) = multξ(N) for all ξ ∈ XQ.
In the paper [8], we considered a decomposition D = P +N such that µR,Γ(D) =
multΓ(N) for any horizontal prime divisor Γ on X. The above theorem means that
a Zariski decomposition of a big arithmeticR-Cartier divisor of C0-type yields the
decomposition treated in [8, Section 5] (cf. Remark 4.1.2). Thus, as a corollary, we
have the following variant of the impossibility of Zariski decompositions. The
condition µR,Γ(D) = multΓ(N) is rather technical, so that this form seems to be
more acceptable than [8, Theorem 5.6].
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Theorem 0.3. We suppose that d ≥ 2 and X = Pd
Z
(:= Proj(Z[T0,T1, . . . ,Td])). In
addition, we assume that D is given by(
H0, log(a0 + a1|z1|
2 + · · · + ad|zd|
2)
)
,
where H0 := {T0 = 0}, zi := Ti/T0 (i = 1, . . . , d) and a0, a1, . . . , ad ∈ R>0. If D is big
and not nef (i.e. a0 + · · · + ad > 1 and ai < 1 for some i), then, for any birational
morphism f : Y → Pd
Z
of generically smooth, normal and projective arithmetic varieties
(cf. Conventions and terminology 1), there is no Zariski decomposition of f ∗(D) on Y.
The third application is the unique existence of Zariski decompositions of big
arithmeticR-Cartier divisors on arithmetic surfaces. The new point is the unique-
ness of the Zariski decomposition in the sense of this paper, which gives a char-
acterization of the Zariski decompositions.
Theorem 0.4. We assume that d = 1 and X is regular. If D is big, then there exists a
unique Zariski decomposition of D. Namely, the positive part of the Zariski decomposition
of D is the greatest element of Υ(D).
Finally I would like to give my hearty thanks to the referee for pointing out
inadequate parts of this paper.
Conventions and terminology. Here we fix several conventions and the termi-
nology of this paper. LetK be either Q or R. For details of 2 and 3, see [7].
1. An arithmetic varietymeans a quasi-projective and flat integral scheme over Z.
An arithmetic variety is said to be generically smooth if the generic fiber over Z is
smooth over Q.
2. LetX be a generically smooth and normal arithmetic variety. Let Div(X) be the
group of Cartier divisors on X and let Div(X)K := Div(X) ⊗ZK, whose element is
called a K-Cartier divisor on X. A pair D = (D, g) is called an arithmetic K-Cartier
divisor of C∞-type (resp. of C0-type) if the following conditions are satisfied:
(a) D is a K-Cartier divisor on X, that is, D =
∑r
i=1 aiDi for some D1, . . . ,Dr ∈
Div(X) and a1, . . . , ar ∈ K.
(b) g : X(C) → R ∪ {±∞} is a locally integrable function and g ◦ F∞ = g (a.e.),
where F∞ : X(C)→ X(C) is the complex conjugation map.
(c) For any point x ∈ X(C), there are an open neighborhood Ux of x and a
C∞-function (resp. continuous function) ux on Ux such that
g = ux +
r∑
i=1
(−ai) log | fi|
2 (a.e.)
on Ux, where fi is a local equation of Di over Ux for each i.
If ux can be taken as a continuous plurisubharmonic function over Ux for all
x ∈ X(C), then the pairD is called an arithmeticK-Cartier divisor of (C0∩PSH)-type.
Let C be either C∞ or C0 or C0 ∩ PSH. The set of all arithmetic K-Cartier divisors
of C-type is denoted by D̂ivC(X)K. Moreover, the set{
(D, g) ∈ D̂ivC(X)K | D ∈ Div(X)
}
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is denoted by D̂ivC(X). An element of D̂ivC(X) is called an arithmetic Cartier
divisor of C-type. Note that D̂ivC∞(X)K and D̂ivC0(X)K are vector spaces overK and
D̂ivC0∩PSH(X)K forms a cone in D̂ivC0(X)K. For D = (D, g),E = (E, h) ∈ D̂ivC0(X)K,
we define relations D = E and D ≥ E as follows:
D = E
def
⇐⇒ D = E, g = h (a.e.),
D ≥ E
def
⇐⇒ D ≥ E, g ≥ h (a.e.).
3. Let X be a generically smooth, normal and projective arithmetic variety. Let
D be an arithmetic R-Cartier divisor of C0-type on X. The effectivity, bigness,
pseudo-effectivity and nefness of D are defined as follows:
• D is effective
def
⇐⇒ D ≥ (0, 0).
• D is big
def
⇐⇒ v̂ol(D) > 0.
• D is pseudo-effective
def
⇐⇒ D+A is big for any big arithmeticR-Cartier
divisor A of C0-type.
• D = (D, g) is nef
def
⇐⇒
(a) d̂eg(D
∣∣∣
C
) ≥ 0 for all reduced and irreducible 1-dimensional closed
subschemes C of X.
(b) D is of (C0 ∩ PSH)-type.
The interrelations of the various types of positivity as above can be summarized
as follows:
effective
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big +3 pseudo-effective
nef
08✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
1. Generalizations of Boucksom-Chen’s results to R-Cartier divisors
In this section, we will give generalizations of Boucksom-Chen’s results [1] to
arithmetic R-Cartier divisors. All results in this section can be proved in the
similar way as the paper [1].
1.1. Geometric case. First of all, let us review the geometric case. The contents of
this subsection are generalizations of theworks due toOkounkov [10], Lazarsfeld-
Mustat¸a˘ [5] and Kaveh-Khovanskii [3], [4] to R-Cartier divisors.
Let T be a d-dimensional, geometrically irreducible, normal and projective
variety over a field F. Let F be an algebraic closure of F and let TF := T ×Spec(F)
Spec(F). Let P ∈ T(F) be a regular point and let zP = (z1, . . . , zd) be a local system
of parameters of OT
F
,P. Then
ÔTF,P
= F[[z1, . . . , zd]],
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where ÔT
F
,P is the completion of OT
F
,P with respect to the maximal ideal of OT
F
,P.
Thus, for f ∈ OTF,P, we can put
f =
∑
(a1 ,...,ad)∈Z
d
≥0
c(a1,...,ad)z
a1
1
· · · zad
d
,
where c(a1,...,ad) ∈ F. Note that Z
d has the lexicographic order <lex, that is,
(a1, . . . , ad) <lex (b1, · · · , bd)
def
⇐⇒ a1 = b1, . . . , ai−1 = bi−1, ai < bi for some i.
We define ordzP( f ) to be
ordzP( f ) :=
min<lex
{
(a1, . . . , ad) | c(a1,...,ad) , 0
}
if f , 0,
∞ otherwise,
which gives rise to a rank d valuation, that is, the following properties are satisfied:
(i) ordzP( f g) = ordzP( f ) + ordzP(g) for f , g ∈ OTK,P.
(ii) ordzP( f + g) ≥ min{ordzP( f ), ordzP(g)} for f , g ∈ OTF,P.
By the property (i), ordzP : OTF,P \ {0} → Z
d has the natural extension
ordzP : Rat(TF)
× → Zd
given by ordzP( f/g) = ordzP( f ) − ordzP(g). As ordzP(u) = (0, . . . , 0) for all u ∈ O
×
T
F
,P,
ordzP induces Rat(TF)
×/O×T
F
,P → Z
d. The composition of homomorphisms
Div(TF)
αP
−→ Rat×(TF)/O
×
T
F
,P
ordzP
−→ Zd
is denoted by multzP , where Div(TF) is the group of Cartier divisors on TF and
αP : Div(TF) → Rat(TF)
×/O×T
F
,P is the natural homomorphism. Moreover, the
homomorphism multzP : Div(TF)→ Z
d yields the natural extension
Div(TF) ⊗Z R→ R
d
over R. By abuse of notation, the above extension is also denoted by multzP .
For D ∈ Div(T)R := Div(T) ⊗Z R, let H
0(T,D) be a vector space over F given by
H0(T,D) := {φ ∈ Rat(T)× | (φ) +D ≥ 0} ∪ {0}.
In the same way as [5, Lemma 1.3] or [1, (1.1)]], we can see
dimFV = #
{
multzP((φ) +DF) | φ ∈ V ⊗F F \ {0}
}
for a subspace V of H0(T,D).
We set R(D) :=
⊕
m≥0
H0(T,mD), which forms a graded algebra in the natural
way. Let V• be a graded subalgebra of R(D). We say V• contains an ample series if
Vm , {0} for m ≫ 1 and there is an ample Q-Cartier divisor A with the following
properties:{
• A ≤ D.
• There is a positive integer m0 such that H
0(T,mm0A) ⊆ Vmm0 for all m ≥ 1.
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We set
Γ(V•) =
⋃
Vm,{0},m≥0
{
(multzP((φ) +mDF),m) ∈ R
d
≥0 ×Z≥0 | φ ∈ Vm ⊗F F \ {0}
}
.
Let v : Rd+1 → Rd and h : Rd+1 → R be the projections given by
v(x1, . . . , xd, xd+1) = (x1, . . . , xd) and h(x1, . . . , xd, xd+1) = xd+1.
Let Θ be an effective R-Cartier divisor such that D +Θ ∈ Div(T). We assume that
V• contains an ample linear series. Then, in the same way as [5, Lemma 2.2], we
can see the following:
(1) If we set θ = multzP(ΘF) and Γ
′(V•) = {γ + h(γ)(θ, 0) | γ ∈ Γ(V•)}, then
Γ′(V•) ⊆ Z
d+1
≥0
and Γ′(V•) generates Z
d+1 as a Z-module.
(2)
⋃
m>0
1
m
Γ(V•)m is bounded in R
d, where
Γ(V•)m := v
(
Γ(V•) ∩ (R
d
≥0 × {m})
)
= v
(
{γ ∈ Γ(V•) | h(γ) = m}
)
.
Let ∆(V•) be the closed convex hull of
⋃
m>0
1
m
Γ(V•)m. In the case where Vm =
H0(T,mD) for all m ≥ 0, ∆(V•) is denoted by ∆(D). In the same arguments as [5,
Proposition 2.1] by using the above properties (1) and (2), we can see that
vol(∆(V•)) = lim
m→∞
dimFVm
md
.
1.2. Arithmetic case. Let X be a (d + 1)-dimensional, generically smooth, normal
and projective arithmetic variety (cf. Conventions and terminology 1). Let X →
Spec(OK) be the Stein factorization of X → Spec(Z), so that the generic fiber
of X → Spec(OK) is geometrically irreducible. Let D = (D, g) be an arithmetic
R-Cartier divisor of C0-type (cf. Conventions and terminology 2). We define
Hˆ0(X,D) to be
Hˆ0(X,D) := Γ̂×(X,D) ∪ {0},
where Γ̂×(X,D) :=
{
φ ∈ Rat(X)× | D + (̂φ) ≥ (0, 0)
}
(for details, see Section 2). Let
V• be a graded subalgebra of
⊕
m≥0
H0(XK,mDK) over K. Using X and D, we can
define the natural filtration F⋆
D
of V• given by
Ft
D
Vm = 〈Vm ∩ Hˆ
0(X,mD + (0,−2t))〉K
for t ∈ R. Note that we use (0,−2t) to ensure consistency with the notation in [1,
Definition 2.3] . It is easy to see that Ft
D
Vm · F
t′
D
Vm′ ⊆ F
t+t′
D
Vm+m′ . Thus, if we set
Vtm = F
tm
D
Vm,
then Vt• :=
⊕
m≥0
Vtm forms a subalgebra of V•. For each m, we define emin(D;Vm)
and emax(D;Vm) to beemin(D;Vm) := inf
{
t ∈ R | Ft
D
Vm , Vm
}
,
emax(D;Vm) := sup
{
t ∈ R | Ft
D
Vm , {0}
}
.
Then, in the similar way as [1, Section 2], we can see the following:
(1) −∞ < emin(D;Vm) for each m.
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(2) There is a constant C such that emax(D;Vm) ≤ Cm.
(3) We set emax(D;V•) = lim supm→∞ emax(D;Vm)/m. If V• contains an ample
series, then Vt• also contains an ample series for t < emax(D;V•).
We assume that V• contains an ample series. As in [1, Definition 1.8], we define
G(D;V•) : ∆(V•)→ R ∪ {−∞} and ∆̂(D;V•) to beG(D;V•)(x) := sup
{
t ∈ R | x ∈ ∆(Vt•)
}
,
∆̂(D;V•) :=
{
(x, t) ∈ ∆(V•) ×R | 0 ≤ t ≤ G(D;V•)
}
.
Note thatG(D;V•) : ∆(V•)→ R∪{−∞} is an upper semicontinuous concave function
(cf. [1, SubSection 1.3]). In the case where Vm = H
0(XK,mDK) for all m ≥ 0, G(D;V•)
and ∆̂(D;V•) are denoted by GD and ∆̂(D) respectively. Moreover, we define
v̂ol(D;V•) to be
v̂ol(D;V•) := lim sup
m→∞
# log
(
Vm ∩ Hˆ
0(X,mD)
)
md+1/(d + 1)!
.
Then, in the similar way as [1, Theorem 2.8], we have the following theorem:
Theorem 1.2.1. v̂ol(D;V•) = (d + 1)![K : Q] vol(∆̂(D;V•)), that is,
v̂ol(D;V•) = (d + 1)![K : Q]
∫
Θ(D;V•)
G(D;V•)(x)dx,
where Θ(D;V•) is the closure of
{
x ∈ ∆(V•) | G(D;V•)(x) > 0
}
.
2. Asymptotic multiplicity
LetX be a (d+1)-dimensional, generically smooth, normal and projective arith-
metic variety (cf. Conventions and terminology 1). Let K be either Q or R. Let
Rat(X)×
K
:= Rat(X)× ⊗Z K, and let
( )K : Rat(X)
×
K → Div(X)K and (̂ )K : Rat(X)
×
K → D̂ivC∞(X)K
be the natural extensions of the homomorphisms
Rat(X)× → Div(X) and Rat(X)× → D̂ivC∞(X)
given by φ 7→ (φ) and φ 7→ (̂φ) respectively. Let D be an arithmetic R-Cartier
divisor of C0-type (cf. Conventions and terminology 2). We define Γ̂×(X,D) and
Γ̂×
K
(X,D) to be ̂Γ
×(X,D) :=
{
φ ∈ Rat(X)× | D + (̂φ) ≥ (0, 0)
}
,
Γ̂×
K
(X,D) :=
{
φ ∈ Rat(X)×
K
| D + (̂φ)
K
≥ (0, 0)
}
.
Note that Γ̂×
Q
(X,D) =
⋃∞
n=1 Γ̂
×(X, nD)1/n. Moreover, Hˆ0(X,D) and Hˆ0
K
(X,D) are
defined by
Hˆ0(X,D) := Γ̂×(X,D) ∪ {0} and Hˆ0K(X,D) := Γ̂
×
K(X,D) ∪ {0}.
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For ξ ∈ X, we define the K-asymptotic multiplicity of D at ξ to be
µK,ξ(D) :=
inf
{
multξ(D + (φ)K) | φ ∈ Γ
×
K
(X,D)
}
if Γ×
K
(X,D) , ∅,
∞ otherwise.
First let us observe the elementary properties of the K-asymptotic multiplicity
(cf. [7, Proposition 6.5.2 and Proposition 6.5.3]).
Proposition 2.1. Let D and E be arithmeticR-Cartier divisors of C0-type. Then we have
the following:
(1) µK,ξ(D + E) ≤ µK,ξ(D) + µK,ξ(E).
(2) If D ≤ E, then µK,ξ(E) ≤ µK,ξ(D) +multξ(E −D).
(3) µK,ξ(D + (̂φ)K) = µK,ξ(D) for φ ∈ Rat(X)
×
K
.
(4) µK,ξ(aD) = aµK,ξ(D) for a ∈ K>0.
(5) 0 ≤ µR,ξ(D) ≤ µQ,ξ(D).
(6) If D is nef and big, then µK,ξ(D) = 0.
Proof. (1) If Γ̂×
K
(X,D + E) = ∅, then either Γ̂×
K
(X,D) = ∅ or Γ̂×
K
(X,E) = ∅, so that we
may assume that Γ̂×
K
(X,D + E) , ∅. Thus we may also assume that Γ̂×
K
(X,D) , ∅
and Γ̂×
K
(X,E) , ∅. Therefore, the assertion follows because φψ ∈ Γ̂×
K
(X,D + E) for
all φ ∈ Γ̂×
K
(X,D) and ψ ∈ Γ̂×
K
(X,E).
(2) is derived from (1).
(3) The assertion follows from the following:
ψ ∈ Γ̂×K(X,D) ⇐⇒ ψφ
−1 ∈ Γ̂×K(X,D + (̂φ)K).
(4) Note that ψ ∈ Γ̂×
K
(X,D) if and only if ψa ∈ Γ̂×
K
(X, aD), and that
multξ(aD + (ψ
a)K) = amultξ(D + (ψ)K),
which implies (4).
(5) is obvious.
(6) follows from (5) and [7, Proposition 6.5.3] 
Remark 2.2. Theorem 2.5 says that if D is big, then µR,ξ(D) = µQ,ξ(D). In general,
it does not hold. Let P1
Z
= Proj(Z[T0,T1]) be the projective line over Z. We set
D := {T0 = 0} and z := T1/T0. Let a0, a1 ∈ R>0 such that a0 + a1 = 1 and a0 < Q. Let
D be an arithmetic divisor of C∞-type on P1
Z
given by
D :=
(
D, log(a0 + a1|z|
2)
)
.
Then it is easy to see that
Γ×Q(X,D) = ∅ and Γ
×
R(X,D) ∋ z
a1
(for details, see [8, (6) in Theorem 2.3]). Thus µQ,ξ(D) = ∞ for all ξ ∈ P
1(Q) and
µR,ξ(D)

≤ a0 if ξ = (0 : 1),
≤ a1 if ξ = (1 : 0),
= 0 if ξ ∈ P1(Q) \ {(0 : 1), (1 : 0)}.
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Next we consider the following lemmas, which will be important for the proof
of Theorem 2.5.
Lemma 2.3. We assume that D is big. Let a = inf{x ∈ R | v̂ol(D + (0, x)) > 0} and let
f : (a,∞) → R be the function given by f (x) = µK,ξ(D + (0, x)). Then f is a monotone
decreasing continuous function.
Proof. For x, y ∈ (a,∞) with x ≤ y, we have D + (0, x) ≤ D + (0, y), and hence
f (x) ≥ f (y) by (2) in Proposition 2.1. Here let us see that f is aK-convex function
on (−∞, a) ∩K, that is,
f (tx + (1 − t)y) ≤ t f (x) + (1 − t) f (y)
holds for all x, y ∈ (a,∞) ∩ K and t ∈ [0, 1] ∩ K. Indeed, by using (1) and (4) in
Proposition 2.1,
f (tx + (1 − t)y) = µK,ξ
(
t(D + (0, x)) + (1 − t)(D + (0, y))
)
≤ µK,ξ
(
t(D + (0, x))
)
+ µK,ξ
(
(1 − t)(D + (0, y))
)
= t f (x) + (1 − t) f (y).
The continuity of an R-convex function on an open interval of R is well-known
(cf. [11, Theorem 5.5.1]), so that we assume K = Q. We check the continuity of
f at x ∈ (a,∞). By [6, Proposition 1.3.1], there are positive numbers ǫ and L such
that (x − ǫ, x + ǫ) ⊆ (a,∞) and
0 ≤ f (v) − f (u) ≤ L(u − v)
for all u, v ∈ (x − ǫ, x + ǫ) ∩Q with u ≥ v. Let y, z ∈ (x − ǫ, x + ǫ) with y ≥ z. Here
we choose arbitrary rational numbers u, v such that x − ǫ < v ≤ z ≤ y ≤ u < x + ǫ.
Then
0 ≤ f (z) − f (y) ≤ f (v) − f (u) ≤ L(u − v),
and hence 0 ≤ f (z) − f (y) ≤ L(y − z) holds. Therefore, the lemma follows. 
Lemma 2.4. We assume that D is effective. Let φ1, . . . , φr ∈ Rat(X)
×
Q
and a1, . . . , ar ∈ R
with a1(̂φ1) + · · · + ar (̂φr) + D ≥ 0. Then there is a subspace W of Q
r over Q with the
following properties:
(1) dimQW = dimQ〈a1, . . . , ar〉Q, where 〈a1, . . . , ar〉Q is the subspace of R generated
by a1, . . . , ar over Q.
(2) (a1, . . . , ar) ∈WR := W ⊗Q R.
(3) For positive numbers ǫ and ǫ′, there is a positive number δ such that
c1(̂φ1) + · · · + cr(̂φr) +D + (0, ǫ
′) ≥ 0
for any (c1, . . . , cr) ∈WR with
‖(c1, . . . , cr) − (a1/(1 + ǫ), . . . , ar/(1 + ǫ))‖ ≤ δ,
where ‖ · ‖ is the standard L2-norm on Rr.
Proof. First we assume that a1, . . . , ar are linearly independent over Q, that is,
dimQ〈a1, . . . , ar〉Q = r.
Replacing φ1, . . . , φr, a1, . . . , ar by φ
n
1
, . . . , φnr , a1/n, . . . , ar/n respectively for some
n ∈ Z>0, we may assume that φ1, . . . , φr ∈ Rat(X)
×. The set of all prime divisors on
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X is denoted by I. Moreover, for x ∈ X(C), the set {B ∈ I | x ∈ B(C)} is denoted by
Ix. For B ∈ Ix, let B(C)x = B1+ · · ·+BnBx be the irreducible decomposition of B(C) at
x on X(C), that is, B1, . . . ,BnBx are irreducible components of B(C) on X(C) passing
through x. Note that ordB(φ) = ordB j(φ) for φ ∈ Rat(X)
× and j = 1, . . . , nBx. We set
D = (D, g) and D =
∑
B∈I dBB. By our assumption, dB ≥ 0 for all B ∈ I and g ≥ 0.
For c = (c1, . . . , cr) ∈ R
r, we define φc, Dc, gc and Dc to be
φc := φc1
1
· · ·φcrr ,
Dc := (φ
c)R +D =
∑r
i=1 ci(φi) +D,
gc :=
∑r
i=1(−ci) log |φi|
2 + g,
Dc := (Dc, gc) = (̂φc)R +D.
Note that
Dc =
∑
B∈I
(ordB(φ
c) + dB)B,
where ordB : Rat(X)
×
R
→ R is the natural extension of the homomorphism
Rat(X)× → Z given by ψ 7→ ordB(ψ). Around x ∈ X(C), we set
φi = ρi
∏
B∈Ix
nBx∏
j=1
f
ordB(φi)
B j
,
where fB j is a local equation of B j around x and ρi ∈ O
×
X(C),x
. Then
φc = ρc1
1
· · ·ρcrr
∏
B∈Ix
nBx∏
j=1
f
ordB(φ
c )
B j
.
Thus, if we set
g =
∑
B∈Ix
nBx∑
j=1
−dB log | fB j |
2 + ux
around x, then
gc = g +
∑
B∈Ix
nBx∑
j=1
(− ordB(φ
c)) log | fB j |
2 +
r∑
i=1
(−ci) log |ρi|
2
=
∑
B∈Ix
nBx∑
j=1
−(dB + ordB(φ
c)) log | fB j |
2 +
r∑
i=1
(−ci) log |ρi|
2 + ux.(2.4.1)
We put S =
⋃r
i=1 Supp((φi)) and a = (a1, . . . , ar).
Claim 2.4.2. (i) ̂(φa/(1+ǫ))
R
+D ≥ 0. In particular, ga/(1+ǫ) ≥ 0.
(ii) ordB(φ
a/(1+ǫ)) + dB > 0 for all B ∈ I with B ⊆ S. In particular, we can find δ0 > 0
such that (φc)R +D ≥ 0 for any c ∈ R
r with ‖c − a/(1 + ǫ)‖ ≤ δ0.
Proof. (i) The assertion follows from the following:
̂(φa/(1+ǫ))
R
+D =
1
1 + ǫ
((̂φa)
R
+D) +
(
1 −
1
1 + ǫ
)
D.
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(ii) It is sufficient to show that ordB(φ
a) + (1 + ǫ)dB > 0 for all B ∈ I with B ⊆ S.
First of all, note that ordB(φ
a) + dB ≥ 0. If either ordB(φ
a) > 0 or dB > 0, then the
assertion is obvious, so that we assume ordB(φ
a) ≤ 0 and dB = 0. Then
ordB(φ
a) = a1 ordB(φ1) + · · · + ar ordB(φr) = 0,
which yields ordB(φ1) = · · · = ordB(φr) = 0 by the linear independency of a1, . . . , ar
over Q. This is a contradiction because B ⊆ S. 
Claim 2.4.3. For each x ∈ X(C), there are δx > 0 and an open neighborhood Ux of x such
that gc + ǫ
′ ≥ 0 on Ux for any c ∈ R
r with ‖c − a/(1 + ǫ)‖ ≤ δx.
Proof. First we assume x ∈ S(C). For B ∈ I with B ⊆ S, we set
d′B = ordB(φ
a/(1+ǫ)) + dB > 0.
We choose δ′ > 0 such that
1
2
d′B ≤ dB + ordB(φ
c) ≤
3
2
d′B
for all c ∈ Rr and B ∈ I with ‖c − a/(1 + ǫ)‖ ≤ δ′ and B ⊆ S. Note that there are an
open neighborhood Ux and a constantM such that
r∑
i=1
(−ci) log |ρi|
2 + ux ≥M
overUx for all c ∈ R
r with ‖c−a/(1+ǫ)‖ ≤ δ′. Moreover, shrinkingUx if necessarily,
we may assume that | fB j | ≤ 1 for all B j with either B ⊆ S or dB > 0 because the set
{B ∈ I | B ⊆ S or dB > 0} is finite and fB j(x) = 0. Thus, by using (2.4.1),
gc ≥
∑
B∈Ix
nBx∑
j=1
−(dB + ordB(φ
c)) log | fB j |
2 +M
=
∑
B∈Ix
B⊆S
nBx∑
j=1
−(dB + ordB(φ
c)) log | fB j |
2 +
∑
B∈Ix
B*S,dB>0
nBx∑
j=1
−dB log | fB j |
2 +M
≥
∑
B∈Ix,B⊆S
nBx∑
j=1
−
1
2
d′B log | fB j |
2 +M.
Note that limy→x(−d
′
B) log | fB j(y)|
2 = ∞. Thus, the assertion follows if we take a
smaller neighborhood Ux.
Next we consider the case where x < S(C). Then, by (i) in Claim 2.4.2,
gc + ǫ
′ = g +
r∑
i=1
(−ci) log |ρi|
2 + ǫ′ = ga/(1+ǫ) + ǫ
′ +
r∑
i=1
(ai/(1 + ǫ) − ci) log |ρi|
2
≥ ǫ′ +
r∑
i=1
(ai/(1 + ǫ) − ci) log |ρi|
2.
Thus the assertion follows. 
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As X(C) =
⋃
x∈X(C)Ux and X(C) is compact, there are x1, . . . , xl ∈ X(C) such that
X(C) = Ux1 ∪ · · · ∪Uxl. Therefore, if we set δ1 = {δx1 , . . . , δxl}, then
gc + ǫ
′ ≥ 0
for all c ∈ Rr with ‖c − a/(1 + ǫ)‖ ≤ δ1, and hence, if we put δ = min{δ0, δ1}, then,
by (ii) in Claim 2.4.2,
Dc + (0, ǫ
′) ≥ 0
for all c ∈ Rr with ‖c − a/(1 + ǫ)‖ ≤ δ.
Finally we consider the lemma without the linear independency of a1, . . . , ar
over Q. We set s = dimQ〈a1, . . . , ar〉Q. If s = 0 (i.e. a1 = · · · = ar = 0), then we can
take W as {(0, . . . , 0)}, so that we may assume s ≥ 1. Renumbering a1, . . . , ar, we
may further assume that a1, . . . , as are linearly independent. We set ai =
∑s
j=1 ei ja j
(i = 1, . . . , r) and ψ j =
∏r
i=1 φ
ei j
i
( j = 1, . . . , s). Note that ei j ∈ Q, and hence
ψ j ∈ Rat(X)
×
Q
. Let α : Rs → Rr be the homomorphism given by
α(x1, . . . , xs) = (α1(x1, . . . , xs), . . . , αr(x1, . . . , xs)) and αi(x1, . . . , xs) =
s∑
j=1
ei jx j.
As the rank of (ei j) is s, α is injective. In addition, (a1, . . . , ar) = α(a1, . . . , as) and
x1(̂ψ1) + · · · + xs(̂ψs) = α1(x1, . . . , xs)(̂φ1) + · · · + αr(x1, . . . , xs)(̂φr).
for (x1, . . . , xs) ∈ R
s. Therefore, if we put W = α(Qs) ⊆ Qr, then the assertion
follows from the previous observation. 
The following theorem is the main result of this section.
Theorem 2.5. If D is big, then µQ,ξ(D) = µR,ξ(D).
Proof. First of all, by (3) in Proposition 2.1, we may assume that D is effective.
Moreover, by (5) in Proposition 2.1, µR,ξ(D) ≤ µQ,ξ(D), so that we consider the
converse inequality. For this purpose, it is sufficient to show that
µQ,ξ(D) ≤ multξ(D + (ψ)R)
for all ψ ∈ Γ̂×
R
(X,D). We choose φ1, . . . , φr ∈ Rat(X)
× and a = (a1, . . . , ar) ∈ R
r
such that a1, . . . , ar are linearly independent over Q and ψ = φ
a1
1
· · ·φarr . Let ǫ be a
positive number. Applying Lemma 2.4 to the case ǫ = ǫ′, we can find a sequence
{cn}
∞
n=1
in Qr such that limn→∞ cn = a/(1 + ǫ) and φ
cn ∈ Γ̂×
Q
(X,D + (0, ǫ)) for all n.
Thus we have
µQ,ξ(D + (0, ǫ)) ≤ multξ(Dcn)
for all n, and hence, µQ,ξ(D + (0, ǫ)) ≤ multξ(Da/(1+ǫ)). Therefore, by Lemma 2.3,
µQ,ξ(D) = lim
ǫ↓0
µQ,ξ(D + (0, ǫ)) ≤ lim
ǫ↓0
multξ(Da/(1+ǫ)) = multξ(D + (ψ)R).

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3. Proof of Theorem 0.1
In this section, we give the proof of Theorem 0.1. Since
v̂ol(D;µ1ξ1, . . . , µlξl) ≤ v̂ol(D;µiξi),
it is sufficient to show the following:
(3.1) If D is big and µ > µR,ξ(D) for ξ ∈ XQ, then v̂ol(D;µξ) < v̂ol(D).
Let B be the Zariski closure of {ξ} in X. Let us begin with the following claim:
Claim 3.2. We may assume that B is a prime divisor.
Proof. Let νB : XB → X be the blowing-up along B. As XQ is regular, we can find
a unique prime divisor EB on XB such that νB(EB) = B. Let ν
′ : X′ → XB be a
projective birational morphism such that X′ is normal and ν yields a resolution
of singularities on the generic fiber. Let B′ be the strict transform of EB and let
ν : X′ → X be the composition of ν′ : X′ → XB and νB : XB → X. If ξ
′ is
the generic point of B′, then it is easy to see that ordξ( f ) = ordξ′(ν
∗( f )) for all
f ∈ Rat(X)×, and hence multξ(L) = multξ′(ν
∗(L)) for all L ∈ Div(X)R. Moreover,
the natural homomorphism ν∗ : Rat(X) → Rat(X′) yields a bijection Hˆ0(X, nD) →
Hˆ0(X′, ν∗(nD)). Therefore, we have
#Hˆ0(X, nD; nµξ) = #Hˆ0(X′, nν∗(D); nµξ′),
which implies v̂ol(D;µξ) = v̂ol(ν∗(D);µξ′), as required. 
From now on, we assume that B is a prime divisor. Let µ0 = µR,ξ(D) and let
X → Spec(OK) be the Stein factorization of X → Spec(Z).
Claim 3.3. There is a positive number ǫ0 such that D − (µ0 + ǫ)B is big on XK for all
0 ≤ ǫ ≤ ǫ0.
Proof. LetA be a big arithmetic Cartier divisor of C0-type on X such that A ≥ (0, 0)
and B * Supp(A). We can choose a sufficiently small positive number a such that
v̂ol(D − aA) > 0. In particular, there is φ ∈ Rat(X)×
Q
such that D − aA + (̂φ)
Q
≥ 0.
By (2) in Proposition 2.1,
µ0 = µR,ξ(D) ≤ µR,ξ(D − aA) +multξ(aA) = µR,ξ(D − aA) ≤ multξ(D − aA + (φ)Q).
Thus D − aA + (φ)Q ≥ µ0B, and hence D − µ0B ≥ aA − (φ)Q. In particular, D − µ0B
is big on XK, and hence the assertion follows. 
It is sufficient to show (3.1) in the case where µ = µ0 + ǫwith 0 < ǫ < ǫ0. We set
Vm = H
0(XK,mDK − mµBK). Note that v̂ol(D;V•) = v̂ol(D;µξ). By Claim 3.3, V•
contains an ample series.
We choose P ∈ X(K) and a local system of parameters zP = (z1, . . . , zd) at P such
that P is a regular point of BK and z1 is a local equation of B at P.
Claim 3.4. If we setmultzP(L) = (x1, . . . , xd) for L ∈ Div(X)R, then x1 = multξ(L).
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Proof. First we assume that L ∈ Div(X) and L is effective. Let f be a local equation
of L around P. We set f =
∑∞
i=a fiz
i
1
inK[[z1, . . . , zd]], where a ∈ Z≥0, fi ∈ K[[z2, . . . , zd]]
and fa , 0. Then a = multξ( f ). Moreover, the lowest term with respect to the
lexicographical order must appear in faz
a
1
. Thus x1 = a, as required.
In general, we setL =
∑l
i=1 aiLi, where a1, . . . , al ∈ R andLi’s are effective divisors.
Moreover, if we set multzP(Li) = (xi1, . . . , xid), then xi1 = multξ(Li) by the previous
observation. On the other hand, as
multzP(L) =
l∑
i=1
aimultzP(Li),
the first entry of multzP(L) is equal to
l∑
i=1
aixi1 =
l∑
i=1
aimultξ(Li) = multξ(L),
as desired. 
By Claim 3.4, ∆(V•) ⊆ ∆(DK) ∩ {x1 ≥ µ} and GD ≥ G(D;V•). As in Theorem 1.2.1,
let Θ(D) and Θ(D;V•) be the closures of{
x ∈ ∆(DK) | GD(x) > 0
}
and
{
x ∈ ∆(V•) | G(D;V•)(x) > 0
}
respectively. Clearly Θ(D;V•) ⊆ Θ(D) ∩ {x1 ≥ µ}.
Claim 3.5. Θ(D) ∩ {x1 < µ} , ∅.
Proof. As D is big, µ0 = µQ,ξ(D) by Theorem 2.5, and hence, by Lemma 2.3, there
is a positive number t0 such that
µ0 ≤ µQ,ξ(D + (0,−2t0)) < µ0 + ǫ/2.
Thus we can find φ ∈ Γ̂×
Q
(X,D + (0,−2t0)) such that
µQ,ξ(D + (0,−2t0)) ≤ multξ(D + (φ)Q) ≤ µ0 + ǫ/2 < µ.
Moreover, asφ ∈ Γ̂×
Q
(X,D+ (0,−2t0)), if we set x = multzP(D+ (φ)Q), thenGD(x) > 0,
and hence x ∈ Θ(D). 
Here we fix notation. Let T be a topological space and S a subset of T. The set
of all interior points of S is denoted by S◦.
Claim 3.6. Let C be a closed convex set inRd. For a ∈ R, we set C(a) = {x ∈ C | p(x) < a},
where p : Rd → R is the projection to the first factor, that is, p(x1, . . . , xd) = x1. If C
◦ , ∅
and C(a) , ∅ for some a ∈ R, then C(a)◦ , ∅.
Proof. Let us choose x ∈ C(a). We assume that C(a)◦ = ∅. Then, as C(a) is a convex
set, by [11, Corollary 2.3.2], there is a hyperplaneH such that C(a) ⊆ H. Moreover,
as C◦ , ∅, there is y ∈ C \H. Note that p(y) ≥ a, so that
0 < (a − p(x))/(p(y) − p(x)) ≤ 1.
Here we choose t ∈ Rwith 0 < t < (a− p(x))/(p(y)− p(x)). Then (1− t)x+ ty ∈ C \H
and p((1 − t)x + ty) < a. This is a contradiction. 
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As v̂ol(D) > 0, Θ(D)◦ , ∅ by Theorem 1.2.1. Therefore, by Claim 3.5 and
Claim 3.6, Θ(D)◦ ∩ {x1 < µ} , ∅, and hence (Θ(D) \Θ(D;V•))
◦ , ∅ because
(Θ(D) ∩ {x1 < µ})
◦ ⊆ (Θ(D) \Θ(D;V•))
◦.
Moreover, note that
Θ(D)◦ =
{
x ∈ ∆(D) | GD(x) > 0
}◦
⊆
{
x ∈ ∆(D) | GD(x) > 0
}
(cf. [11, Corollary 2.3.9]). Further,
vol(∆̂(D)) =
∫
Θ(D)
GD(x)dx and vol(∆̂(D;V•)) =
∫
Θ(D;V•)
G(D;V•)(x)dx.
Therefore,
vol(∆̂(D)) =
∫
Θ(D)\Θ(D;V•)
GD(x)dx +
∫
Θ(D;V•)
GD(x)dx > vol(∆̂(D;V•)).
Thus (3.1) follows from Theorem 1.2.1.
4. Applications of Theorem 0.1
In this section, let us study several applications of Theorem 0.1.
4.1. Impossibility of Zariski decomposition. Let X be a (d + 1)-dimensional,
generically smooth, normal and projective arithmetic variety (cf. Conventions
and terminology 1). A Zariski decomposition of D is a decomposition D = P + N
such that
(1) P is a nef arithmetic R-Cartier divisor of C0-type,
(2) N is an effective arithmetic R-Cartier divisor of C0-type, and that
(3) v̂ol(P) = v̂ol(D).
The arithmeticR-Cartier divisor P (resp. N) is called a positive part (resp. a negative
part) of D. As a nef arithmetic R-Cartier divisor of C0-type is pseudo-effective (cf.
[7, Proposition 6.2.1, Proposition 6.2.2 and Proposition 6.3.2]), if D has a Zariski
decomposition, thenD is pseudo-effective. LetΥ(D) be the set of all nef arithmetic
R-Cartier divisors M of C0-type with M ≤ D. Note that Γ̂×
R
(X,D) , ∅ implies
Υ(D) , ∅. In the paper [7], we proved that if d = 1, X is regular and Υ(D) , ∅,
then a Zariski decomposition of D exists. Moreover, by [9, Theorem 3.5.3], if D is
pseudo-effective andD is numerically trivial onXQ, then a Zariski decomposition
of D exists in the above sense.
Theorem 4.1.1. Let D be a big arithmetic R-Cartier divisor of C0-type on X. If there is
a Zariski decomposition D = P +N of D, then µR,ξ(D) = multξ(N) for all ξ ∈ XQ.
Proof. Since D ≥ P and µR,ξ(P) = 0 (cf. Proposition 2.1), we have
µR,ξ(D) ≤ µR,ξ(P) +multξ(N) = multξ(N).
Here we assume that µR,ξ(D) < multξ(N). If we set µ = multξ(N), then
v̂ol(D;µξ) < v̂ol(D)
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by Theorem 0.1. On the other hand, if φ ∈ Γ̂×(X, nP), then
multξ(nD + (φ)) = multξ(nP + (φ) + nN) ≥ multξ(nN) = nµ.
Therefore,
Hˆ0(X, nP) ⊆ Hˆ0(X, nD; nµξ).
Thus v̂ol(P) ≤ v̂ol(D;µξ) < v̂ol(D). This is a contradiction. 
Remark 4.1.2. In the papers [8] and [7], we gave the different kinds of definitions
of Zariski decompositions. Let us recall their definitions. Let D be an arithmetic
R-Cartier divisor of C0-type.
(a) A decomposition D = P + N is called a Zariski decomposition in the sense of
[8] if Γ×
R
(X,D) , ∅, P is a nef arithmeticR-Cartier divisor of C0-type,N is an
effective arithmetic R-Cartier divisor of C0-type, and µR,Γ(D) = multΓ(N)
for any horizontal prime divisor Γ on X.
(b) In the casewhere d = 1 andX is regular, we sayadecompositionD = P+N is
a Zariski decomposition in the sense of [7] ifΥ(D) , ∅ and P yields the greatest
element of Υ(D). In this case, v̂ol(D) = v̂ol(P) by [7, Theorem 9.3.4], so that
it is a Zariski decomposition in the sense of this paper.
The interrelations of these definitions can be described as follows:
(i) If D is big, then a Zariski decomposition in the sense of this paper is a
Zariski decomposition in the sense of [8] (cf. Theorem 4.1.1).
(ii) We assume that d = 1 and X is regular. A Zariski decomposition in the
sense of this paper gives rise to a Zariski decomposition in the sense of
[7] without the bigness of D, that is, a Zariski decomposition in the sense
of this paper implies Υ(D) , ∅, so that, by [7, Theorem 9.2.1], we can find
the greatest element of Υ(D), which turns out to be the positive part of
the Zariski decomposition in the sense [7]. Moreover, if D is big, then a
Zariski decomposition in the sense of this paper coincides with a Zariski
decomposition in the sense of [7] (cf. Theorem 4.2.1).
By the above remark, we have the following corollary.
Corollary 4.1.3. We suppose that d ≥ 2 and X = Pd
Z
(= Proj(Z[T0,T1, . . . ,Td])). We
set Hi := {Ti = 0} and zi := Ti/T0 for i = 0, . . . , d. For a sequence a = (a0, a1, . . . , ad) of
positive numbers, we define an H0-Green function ga of (C
∞ ∩ PSH)-type on Pd(C) to be
ga := log(a0 + a1|z1|
2 + · · · + ad|zd|
2).
We assume that D is given by (H0, ga). If D is big and not nef (i.e., a0 + · · · + ad > 1 and
ai < 1 for some i), then, for any birational morphism f : Y → P
d
Z
of generically smooth,
normal and projective arithmetic varieties, there is no Zariski decomposition of f ∗(D) on
Y.
Remark 4.1.4. For a non-big pseudo-effective arithmeticR-Cartier divisor, to find
a Zariski decomposition in the sense of this paper is a non-trivial problem. This
is closely related to the fundamental question raised in the paper [9]. Here let
us consider an example. We use the same notation as in [9]. We assume that Da
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is pseudo-effective and not big. Then, by [9, Corollary 3.6.4, Proposition 3.6.7,
Example 3.6.8], we can find φ ∈ Rat(Pn
Z
)×
R
such that Da + (̂φ)R ≥ 0. Thus, if we set
P = (̂φ−1)
R
andN = Da + (̂φ)R, then the decomposition Da = P+N yields a Zariski
decomposition. Note that P is not necessarily an arithmetic Q-Cartier divisor of
C0-type. For example, in the case where d = 1, a0 + a1 = 1 and a1 < Q, φ is given
by za1
1
and P = −a1(̂z1). Moreover, −a1(̂z1) is the greatest element of Υ(Da) (cf. [8,
Section 4]).
4.2. Characterization of Zariski decompositions on arithmetic surfaces. Let X
be a regular projective arithmetic surface and let π : X → Spec(OK) be the Stein
factorization of X → Spec(Z). In this subsection, we study the following charac-
terizations of the Zariski decomposition of big arithmetic R-Cartier divisors on
X.
Theorem 4.2.1. Let D be a big arithmetic R-Cartier divisor of C0-type on X and let
D = P+N be a Zariski decomposition of D, where P is a positive part of D. Then P gives
the greatest element of
Υ(D) =
{
M |M is a nef arithmetic R-Cartier divisor of C0-type on X with M ≤ D
}
.
Proof. Let us begin with the following claim:
Claim 4.2.1.1. Let P and Q be nef arithmetic R-Cartier divisors of C0-type. We assume
the following:
(1) There are an effective vertical R-Cartier divisor E and an F∞-invariant non-
negative continuous function u on X(C) such that Q = P + (E, u).
(2) v̂ol(P) = v̂ol(Q) > 0.
Then P = Q.
Proof. First of all, note that the degree of P on XQ is positive and
u ∈ 〈QPSH(X(C)) ∩ C0(X(C))〉R
(for details, see [9, SubSection 1.2]). Moreover, by [7, Proposition 6.4.2], v̂ol(P) =
d̂eg(P
2
) and v̂ol(Q) = d̂eg(Q
2
), and hence d̂eg(P
2
) = d̂eg(Q
2
). As
d̂eg(Q
2
) = d̂eg(P
2
) + d̂eg(Q · (E, u)) + d̂eg(P · (E, u)),
d̂eg(Q · (E, u)) ≥ 0,
d̂eg(P · (E, u)) ≥ 0,
we have
d̂eg(Q · (E, u)) = d̂eg(P · (E, u)) = 0,
which yields
d̂eg(P · (E, u)) = d̂eg((E, u)2) = 0.
On the other hand, by virtue of [9, Proposition 2.1.1],
d̂eg(P · (E, u)) = d̂eg(P · (E, 0)) +
1
2
∫
X(C)
c1(P)u,
d̂eg((E, u)2) = d̂eg((E, 0)2) +
1
2
∫
X(C)
uddc([u]).
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Therefore, by using Zariski’s lemma and [9, Proposition 1.2.4, (3)],∫
X(C)
c1(P)u =
∫
X(C)
uddc([u]) = 0 and d̂eg(P · (E, 0)) = d̂eg((E, 0)2) = 0.
By the equality condition of [9, Proposition 1.2.4, (3)], u is locally constant, and
hence
0 =
∫
X(C)
uc1(P) = (u|X1 + · · · + u|X[K:Q])
deg
Q
(PQ)
[K : Q]
,
where X1, . . . ,X[K:Q] are connected components of X(C). Thus u = 0 on X(C).
Moreover, by the equality condition of Zariski’s lemma, there are p1, . . . , pk ∈
Spec(OK) \ {0} and a1, . . . , ak ∈ R≥0 such that E = a1π
−1(p1) + · · · + akπ
−1(pk). Thus
0 = d̂eg(P · (E, 0)) = (a1 log #(OK/p1) + · · · + ak log(OK/pk))
deg
Q
(PQ)
[K : Q]
,
and hence a1 = · · · = ak = 0, that is, E = 0, as desired. 
Let us go back to the proof of Theorem 4.2.1. As D is big, Υ(D) , ∅, and
hence we can find the greatest element PZar of Υ(D) by [7, Theorem 9.2.1]. Then
P ≤ PZar and v̂ol(P) = v̂ol(PZar) = v̂ol(D). Thus, if we set NZar = D − PZar, then, by
Theorem 4.1.1,
µR,ξ(D) = multξ(N) = multξ(NZar)
for all ξ ∈ XQ. Therefore, there are an effective vertical R-Cartier divisor E and
an F∞-invariant non-negative continuous function u on X(C) such that PZar =
P + (E, u). Note that P is big. Thus, P = PZar by Claim 4.2.1.1. 
As a corollary of Theorem 4.2.1, we have the following stronger version of
Claim 4.2.1.1.
Corollary 4.2.2. Let P and Q be nef arithmetic R-Cartier divisors of C0-type. If P ≤ Q
and 0 < v̂ol(P) = v̂ol(Q), then P = Q.
Proof. If we set N = Q − P, then Q = P + N is a Zariski decomposition of Q.
Therefore, by Theorem 4.2.1, P = Q. 
Theorem 0.1 still holds for the regular projective arithmetic surface X without
the assumption ξ1, . . . , ξl ∈ XQ. Namely we have the following theorem:
Theorem 4.2.3. Let D be a big arithmetic R-Cartier divisor of C0-type on X and let
ξ1, . . . , ξl ∈ X. If µi > µR,ξi(D) for some i, then v̂ol(D;µ1ξ1, . . . , µlξl) < v̂ol(D).
Proof. As in the proof of Theorem 0.1, it is sufficient to see the following:
(4.2.3.1) If D is big and µ > µR,ξ(D) for ξ ∈ X, then v̂ol(D;µξ) < v̂ol(D).
By Theorem 0.1, we may assume that the characteristic of the residue field at ξ is
positive. Let B be the Zariski closure of {ξ} in X. In the same way as Claim 3.2, we
may also assume that B is a prime divisor. Note that v̂ol(D;µξ) = v̂ol(D−µ(B, 0)).
IfD−µ(B, 0) is not big, then the assertion is obvious, so thatwemay further assume
that D − µ(B, 0) is big. We suppose v̂ol(D − µ(B, 0)) = v̂ol(D). Let D = P + N
ARITHMETIC LINEAR SERIES WITH BASE CONDITIONS 19
D−µ(B, 0) = P
′
+N
′
be theZariski decompositions ofD andD−µ(B, 0) respectively.
As P
′
≤ D − µ(B, 0) ≤ D, we have P′ ≤ P. Moreover,
v̂ol(P
′
) = v̂ol(D − µ(B, 0)) = v̂ol(D) = v̂ol(P).
Thus, by Corollary 4.2.2, we obtain P
′
= P, which implies
N
′
+ µ(B, 0) = N.
In particular, multB(N) ≥ µ. On the other hand, by [7, Claim 9.3.5.1], µR,ξ(D) =
multB(N), and hence µR,ξ(D) ≥ µ. This is a contradiction. 
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